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Lorentz contraction of the equal-time Bethe-Salpeter amplitude in two-dimensional
massless quantum electrodynamics
Tomasz Radoz˙ycki∗
Faculty of Mathematics and Natural Sciences, College of Sciences,
Cardinal Stefan Wyszyn´ski University, Wo´ycickiego 1/3, 01-938 Warsaw, Poland
The Lorentz transformation properties of the equal-time bound-state Bethe-Salpeter amplitude
in the two-dimensional massless quantum electrodynamics (the so called Schwinger Model) are
considered. It is shown that while boosting a bound state (a ‘meson’) this amplitude is subject to
approximate Lorentz contraction. The effect is exact for large separations of constituent particles
(‘quarks’), while for small distances the deviation is more significant. For this phenomenon to
appear, the full function, i.e. with the inclusion of all instanton contributions has to be considered.
The amplitude in each separate topological sector does not exhibit such properties.
PACS numbers: 11.10.Kk, 11.10.St, 11.30.Cp
I. INTRODUCTION
Lorentz contraction of a rigid body is a well known
phenomenon in special theory of relativity. For example
the equal time measurement of spacial separation of the
two ends of a rigid rod leads to different results depending
on the chosen inertial frame. The simultaneity is not
an invariant notion in relativistic physics: events that
happen simultaneously in different points in one reference
frame cease to be such in another frame. This leads to the
famous relation between lengths of the rod in question
measured in two different frames:
l =
l0
γ
, (1)
where l0 is the length in the frame related to the rod, l is
the length of the rod moving with velocity v parallel to
itself and γ = 1/
√
1− v2/c2 ≥ 1. Hereafter we will omit
c and use units, where c = ~ = 1.
Such shortening in the direction of motion should be
shared by every body moving relative to an external ob-
server and therefore ought to be found as well in the
spacial distribution of quantum probability amplitude,
i.e. the wave-function describing a bound state as, for
instance, meson. In this case it is not any longer a kine-
matical effect, but becomes a dynamical one involving
fundamental interactions between constituent fermions
and consequently it is far from being trivial. This is re-
ally the case in collisions of heavy ions, which exhibit
strong flattening in the laboratory frame with factor γ
reaching the value of several thousands [1–3]. In this
frame such colliding nuclei look as thin disks wherefore
often called ‘pancakes’.
Of course we do not expect to find the exact Lorentz
contraction of the wave-function, because – at least in
quantum field theory (QFT) – it does not contain the
whole information about the bound system, which is a
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complicated structure containing both valence fermions
and additional fermion-antifermion pairs, as well as
gauge bosons. It cannot be, therefore, described by a
single wave-function. Only considering the bound state
in its full complexity, one might expect to observe the
precise Lorentz contraction for spatial distributions of
various physical quantities. But even the ‘simple’ wave-
function, spoken of in this paper, should somehow reflect
in its behavior the phenomenon known from relativistic
kinematics.
Several works have been devoted to the investigation
of this effect for the bound-state wave-function in the
case of hydrogen atom, positronium, nuclei or model sys-
tems [4–10, 12–17, 47]. When the relativistic motion of
a primarily non-relativistic system as for instance a hy-
drogen atom is considered, QFT phenomena appear, and
the problem is no longer purely quantum mechanical but
requires field theoretical approach. Instead of solving a
Schro¨dinger equation for the system in question, one has
to cope with Bethe-Salpeter (BS) equation [18, 19]. This
equation is, however, extremely difficult to be solved even
in the simplest model cases. It is a multidimensional inte-
gral equation and, to make matters worse, with unknown
ingredient functions as full propagators or the interaction
kernel, which obviously are unknown in realistic QFT.
There are, by now, only few examples, where solutions of
BS equation have been found, but unfortunately it has
been done for the price of drastic simplifications of the
equations and weakly controlled approximations [20–22].
The analysis concerning Lorentz contraction of various
bound systems carries then the stigma of this approach.
The explicit and accurate verification to what extent
this phenomenon is reflected in the behavior of the ex-
act bound-state wave-functions is until now lacking and,
therefore, is worth some attention. The approximated re-
sults obtained so far for these systems and model studies
confirm the almost-contraction of the wave-functions, al-
though there has also been found a counterexample [47],
the so called Bakamjian-Thomas model [23].
The deviations from the exact Lorentz contraction,
that have been found during these investigations, are at-
2tributable to the existence of higher sectors, which be-
come important for relativistically moving true bound
state, and which are forgotten in the wave-function ap-
proach.
It should be stressed however, that there exists a QFT
model – the two-dimensional massless electrodynamics,
known as the Schwinger Model (SM) [24] – for which the
exact BS amplitude has been found without any simplifi-
cations [25, 26] and so far it is probably the unique system
with this property. Since its formulation in the early six-
ties of last century this model has become an excellent
testing laboratory for various nonperturbative aspects of
QFT. In this context one can mention confinement, topo-
logical sectors, instantons and condensates. Other in-
teresting features include the existence of anomaly and
nonzero mass generation of the gauge boson without the
necessity of introducing any auxiliary Higgs field. An-
other remarkable property of this model – particularly
important for our present work – is the existence of a
bound state, which might be called a ‘meson’, constitut-
ing a system of a fermion and an antifermion (we will
call them quarks, because of the similarity between SM
and QCD in some respects as for instance confinement,
despite the fact, that we will still talk about ‘electrody-
namics’) and which is also known as the Schwinger boson.
In the following sections we would like to concentrate
on the BS amplitude of this bound state and explicitly
check, how it behaves under boosts. In Minkowski space
this amplitude is a function of two variables (because
we are in 2 dimensions): relative time and relative po-
sition of the constituent quarks. To reveal the Lorentz
contraction we have to consider the so called equal-time
(ET) function, i.e. the function for which the relative
time is set to zero. This corresponds to the simultaneous
measurement of the positions of two ends of the rod, in
the classical kinematical derivation of this phenomenon.
Surely such an ET function in one frame is not a Lorentz-
transformed ET function from another frame, because, as
mentioned, the simultaneity is a frame dependent notion.
Fortunately in the SM we dispose the exact form of the
bound-state amplitude in any frame! It would be a sin
not to take advantage of these unique properties of this
model to verify thoroughly the phenomenon of Lorentz
contraction.
One more point should be emphasized at the end:
as mentioned above the SM has a complicated vacuum
structure similar to that of QCD. The appearance of the
instanton sectors in the theory poses a new question,
which, to our knowledge, no one has tried to answer.
Namely, how do the components of the wave function in
every topological sector transform under boosts? Is each
of them subject to the approximate shortening or it con-
cerns only the total amplitude? SM provides the answer
to them.
The present paper is organized as follows. In section II
we recall the most important properties of the model,
section III is devoted to the analysis of the BS amplitude
in the center-of-mass (CM) frame and in the frame, where
a meson is moving, and in the final section we present
numerical calculations in the form of plots, which allow
to compare wave-functions in various frames.
II. SIMPLE DESCRIPTION OF THE MODEL
In this section we would like to briefly recall the basic
properties of the Schwinger Model. It is defined by the
two-dimensional Lagrangian density:
L(x) =Ψ(x)
(
iγµ∂µ − gAµ(x)γµ
)
Ψ(x)
− 1
4
Fµν(x)Fµν (x)− λ
2
(∂µA
µ(x))
2
, (2)
where g is the coupling constant, which bears the di-
mension of mass, and λ the gauge fixing parameter (in
what follows we choose Landau gauge setting λ → ∞).
It then simply describes the massless electrodynamics in
one spatial and one temporal dimension.
The Dirac gamma matrices γµ’s may be chosen in (2)
as two-dimensional ones in the form:
γ0 =
(
0 1
1 0
)
, γ1 =
(
0 −1
1 0
)
, (3)
and γ5 is given by
γ5 = γ0γ1 =
(
1 0
0 −1
)
, (4)
The metric tensor we use, is defined by the relation g00 =
−g11 = 1.
The gauge boson primarily massless, as required by
gauge invariance, acquires a mass (12) due to the pres-
ence of anomaly [27]. This massive particle may be in-
terpreted from the other side as a fermion-antifermion
bound state.
The theory defined by (2) has a nontrivial topological
structure, which makes it similar to QCD [28–33]. In
the temporal gauge A0 = 0, the surface of constant time
gains the topology of a circle, similarly as one has for
the gauge group U(1). This results in the occurence of
topological sectors labeled by the winding number of the
first homotopy group pi1(S
1) [34, 35]. There appears the
infinite set of vacua – the so called topological vacua –
which may be denoted by |N〉, where N is a certain in-
teger number corresponding to the winding index. None
of these vacua is the true physical vacuum.
In the massive version of the model, the phenomena of
tunneling between topological vacua occur (described as
‘instantons’). They lead to the emergence of the physical
vacuum, the so called θ-vacuum, in the form of the linear
combination (similar to Bloch state in solids [34]):
|θ〉 =
∞∑
N=−∞
eiNθ|N〉. (5)
3Massless fermions, dealt with in the present paper, sup-
press tunneling, but the θ-vacuum (5) still retains its
importance, because topological vacua, contrary to |θ〉,
do not exhibit the cluster decomposition property [28–
30, 32, 34, 36, 37]. However, due to the lack of tun-
neling, while calculating the vacuum expectation values
〈θ|Oˆ|θ〉, only operators Oˆ which change N (or chirality,
which is equivalent [34, 35]) gain off-diagonal, i.e. instan-
tonic contributions. The example of such an operator is
a product of fermion fields Ψ, which appears for instance
in the propagator:
S(x− y) = 〈θ|T (Ψ(x)Ψ(y))|θ〉. (6)
Consequently, due to the 2 : 1 correspondence between
chirality and topological index N , the full propagator has
contributions from instanton sectors 0,±1, which simply
means that ∆N = 0,±1. It has been found in the explicit
form [37]:
S(x) = S(0)(x) + S(1)(x), (7)
where the first term
S(0)(x) = S0(x) exp
[−ig2β(x)] , (8)
was obtained already in the original Schwinger work [24].
The symbol S0(x) denotes here the free Feynman propa-
gator:
S0(x) = − 1
2pi
6x
x2 − iε . (9)
The second (or instantonic) term, for ∆N = ±1, has
the form:
S(1)(x) =
ig
4pi3/2
e−iθγ
5
eγE+ig
2β(x) (10)
and the well known auxiliary function β appearing in (8)
or (10) is defined by
β(x) =

i
2g2
[
− ipi2 + γE + ln
√
µ2x2/4 + ipi2 H
(1)
0 (
√
µ2x2)
]
,
x timelike,
i
2g2
[
γE + ln
√
−µ2x2/4 +K0(
√
−µ2x2)
]
,
x spacelike.
(11)
γE is here the Euler constant and µ is the ‘Schwinger
boson’, i.e. bound state, mass:
µ =
g√
pi
. (12)
Symbols H
(1)
0 and K0 refer to the Hankel function of the
first kind and Basset function respectively.
Contrary to S the boson propagator
Dµν(x − y) = 〈θ|T (Aµ(x)Aν (y))|θ〉 (13)
has contributions only from the trivial sector (∆N = 0)
since gauge fields operators have vanishing matrix ele-
ments between different topological vacua.
As mentioned in Introduction, SM has a bound state,
which may be found in the t-channel of the four-point
(i.e. two-fermion) Green’s function [25, 26, 38–40]. The
analytical structure in momentum space of the latter re-
veals the existence of a pole at P 2 = µ2, where P is the
total two-momentum of the system. From the residue in
this pole the BS function may be read off, without the
necessity of solving the BS equation itself. This function
will be dealt with in the next section and its form reflects
the properties of the fermion propagator (7), that is, it
has contributions from sectors ∆N = −1, 0, 1.
The θ-vacuum, constituting the true vacuum of the
theory, is invariant with respect to boosts
K|θ〉 = 0, (14)
where K denotes the boost generator. This statement
does not refer, however, to the particular N -vacua, which
are not physical vacua and may be Lorentz non-invariant.
It was already suggested by Nakanishi [41, 42] and man-
ifests itself through the results of the following sections.
The (approximate) Lorentz contraction does not hold in
each separate instanton sector but is recovered only after
the whole function is constructed.
III. BETHE-SALPETER AMPLITUDE
The BS amplitude for a bound state may be found
either by solving BS equation or by investigating the
analytical structure of the momentum-space four-point
Green’s function to extract the residue in the pole cor-
responding to a particle in question. Both approaches
are extremely difficult to implement not only in a true
field theory but even in simple models. As mentioned
in the Introduction the Schwinger Model seems to be by
now the unique field theory in which the BS amplitude
for the formation of a ‘meson’ has been found in the full
form, without any approximations.
The well known fact (and also the requirement origi-
nating from probability theory) is the factorization of the
residue, which is a product of two BS amplitudes. They
can alternatively be found as matrix elements of the kind:
ΦP (x) = 〈θ|T (Ψ(x/2)Ψ(−x/2)|P 〉 , (15)
where P is the two-momentum of the ‘meson’ – i.e. the
bound state – and |P 〉 denotes the one-boson Fock state
state built over vacuum |θ〉. The symbol x = [t, r]
indicates here the relative variables among constituent
‘quarks’. As discussed earlier the operator in question is
bilinear in fermion fields, and therefore is not diagonal
in topological vacuum index N . For such an operator –
identically as for fermion propagator – nonzero matrix
elements between different topological vacua (or between
Fock states built over them) lead to the appearance of
4contributions from instanton sectors ∆N = 0,±1. In ef-
fect the Bethe-Salpeter amplitude ΦP (x) may be written
as
ΦP (x) = Φ
(0)
P (x) + Φ
(1)
P (x), (16)
where similarly as in (7) the superscript ‘(1)’ refers to
both cases: ∆N = 1 and ∆N = −1.
The explicit form of Φ
(0,1)
P was given in [25, 26]:
Φ
(0)
P (x) = −2
√
piS(x)γ5 sin(Px/2), (17a)
Φ
(1)
P (x) =
µ
2
√
pi
eγEeig
2β(x)e−iθγ
5
γ5 cos(Px/2) , (17b)
In the present paper we are interested in the effect
of Lorentz contraction of the equal-time BS amplitude
for which the separation of ‘quarks’ is always spacelike.
Therefore, instead of (11) we use for the function β(t, r)
the simplified form:
β(0, r) =
i
2g2
[
γE + ln
µ|r|
2
+K0(µ|r|)
]
. (18)
A. CM frame
Now let us analyze (17) in the center-of-mass frame.
The two-momentum P reduces here to P = [µ, 0]. The
Minkowski product Px for the ET function equals zero,
and due to the presence of sin(Px/2) in (17a) the ampli-
tude in the sector ∆N = 0 vanishes identically. It is an
interesting observation: in the center-of-mass frame the
whole contribution for the ET BS wave-function comes
only from nontrivial topological sectors and is given by
ΦP (0, r) =
√
µ
2pi|r|e
1
2
γEe−iθγ
5
γ5e−
1
2
K0(µ|r|). (19)
This result shows immediately that the simple contrac-
tion of the ET amplitude in each separate sector can-
not take place, even in approximation! In any moving
frame the two-momentum P acquires a spatial compo-
nent and the argument of the sine function in (17a) is
no longer zero. For the moving ‘meson’ Px = P 1r 6= 0,
since we again consider ET function, naturally with re-
spect to the new time. Consequently the simultaneous
amplitude cannot be just the contracted CM ET func-
tion, which turned out to vanish identically. The boost-
ing of a bound state in topologically nontrivial theory
as Schwinger Model leads then to the mixing of various
topological sectors. This conclusion is supported by our
further results and can potentially apply to QCD bound
states, i.e. to colliding hadrons, as well.
The object ΦP is the complex matrix function (in
spinor space) and therefore cannot be directly plotted.
For this goal we need a real scalar function. Similarly
as we did in our previous works [43, 44], we define two
gauge invariant quantities:
|Φ(0)P (0, r)| =
(
1
2
tr[Φ
(0)+
P (0, r)Φ
(0)
P (0, r)]
)1/2
, (20a)
|Φ(1)P (0, r)| =
(
1
2
tr[Φ
(1)+
P (0, r)Φ
(1)
P (0, r)]
)1/2
, (20b)
which are scalars. The first one obviously equals zero in
the CM frame, and for the second we have
|Φ(1)P (0, r)| =
√
µ
2pi|r| e
1
2
γE− 12K0(µ|r|). (21)
The total strength of the BS amplitude may be defined
as
|ΦP (0, r)| =
√
1
2
tr[Φ+P (0, r)ΦP (0, r)]
=
√
|Φ(0)P (0, r)|2 + |Φ(1)P (0, r)|2. (22)
In CM frame it is simply equal to (21) and is plotted on
Figure 1 as a function of spatial relative distance. Its
behavior for large and small separations may be easily
obtained from the known approximations [45]:
K0(x) ≈ − ln x
2
− γE (23)
for x≪ 1, and
K0(x) ≈
√
pi
2x
e−x (24)
for x ≫ 1. As may be easily verified, the value at max-
imum (i.e. for r = 0) is equal to µ
2
√
pi
eγE ≈ 0.502µ and
for |r| → ∞ we obtain
|ΦP (0, r)| ≈
√
µ
2pi|r|e
1
2
γE
(
1− 1
2
√
pi
2µ|r|e
−µ|r|
)
. (25)
The slow decay at large separations as |r|−1/2 is a con-
sequence of masslessness of quarks in this model. The
exponential correction contains the effect of one massive
meson created due to a quantum fluctuation [43].
To distinguish the center-of-mass amplitudes from the
ones in boosted frame, henceforth we will use the symbol
ΦCM (0, r) instead of ΦP (0, r) for the former.
In order to verify the Lorentz contraction, we should
now compare the transformed quantity (21) to the func-
tion |ΦP (0, r)| found directly in a boosted frame. If we
had to do with the exact Lorentz contraction of the
ET function, we would expect the result in the form√
γ|ΦCM (0, γr)|. Admittedly, the BS wave-function is
not a probability amplitude, but the strength |ΦP (0, r)|,
we introduced, should be related (proportional) to it.
It is then natural to expect from (20) and (22) simi-
lar transformation properties as those that apply to the
true probability amplitude and hence the additional fac-
tor
√
γ should appear [46]. It finds the confirmation in
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FIG. 1: The value of |Φ
(1)
CM
| = |ΦCM | in units of µ as a
function of relative distance between ‘quarks’ in µ−1.
our numerical results. Let us for instance imagine one-
dimensional world and a certain particle confined to a
‘box’ of length L. The probability density for finding it
at a given point x is given by P (x) subject to the obvious
normalization condition:
L∫
0
P (x)dx = 1. (26)
Now let us assume that the system moves with velocity
v with respect to certain observer. The normalization of
probability density in the observer’s frame (i.e. P ′(x))
must be preserved, but due to the Lorentz contraction
instead of L the box has now length L/γ. Consequently
L/γ∫
0
P ′(x)dx = 1. (27)
If one substitutes for P ′(x) the modified density:
P ′(x) = γP (γx), (28)
it may be easily verified that the condition (27) is auto-
matically satisfied. Of course this simple argument has
not to be applied to a box, but equally well to any interval
dx and it is a simple consequence of the transformation
of the integration measure. Alternatively one can look
on P (x, t) as a temporal component of the probability
current.
B. Boosted frame
Now we need the ET function in the frame in which
the meson moves with momentum p (laboratory frame).
Surely, we have P = [Ep, p] = [
√
µ2 + p2, p]. The ET
functions (20), but now with respect to the new time,
become:
|Φ(0)P (0, r)| =
√
µ
2pi|r|e
1
2
γEe
1
2
K0(µ|r|)
∣∣∣sin pr
2
∣∣∣ , (29a)
|Φ(1)P (0, r)| =
√
µ
2pi|r|e
1
2
γEe−
1
2
K0(µ|r|)
∣∣∣cos pr
2
∣∣∣ . (29b)
Contrary to (21) both expressions |Φ(0)P (0, r)| and
|Φ(1)P (0, r)| – apart from decreasing factors – have now
the oscillating character. The presence of sine and cosine
with arguments pr/2 in the above formulas makes the
independent Lorentz contraction of Φ
(0)
P and Φ
(1)
P impos-
sible to happen. It is clear than none of these amplitudes
can be Lorentz contracted CM function (19), but, as we
show below, it still occurs for |ΦP |.
Consider first the limits of small and large distances.
For r → 0 we get:
|Φ(0)P (0, r)| ≈
1√
pi|r|
∣∣∣sin pr
2
∣∣∣ , (30a)
|Φ(1)P (0, r)| ≈
µ
2
√
pi
eγE
∣∣∣cos pr
2
∣∣∣ , (30b)
and for the full amplitude we have:
|ΦP (0, r)| ≈ 1√
pi
(
1
r2
sin2
pr
2
+
µ2
4
e2γE cos2
pr
2
)1/2
−→
r→0
µ
2
√
pi
eγE
√
1 +
p2
µ2
e−2γE
= |ΦCM (0, γ · 0)|
√
1 +
p2
µ2
e−2γE . (31)
Let us recall that for the exact Lorentz contraction we
would get the result:
√
γ|ΦCM (0, γ · 0)| =
(
1 +
p2
µ2
)1/4
|ΦCM (0, γ · 0)|, (32)
since γ =
Ep
µ =
√
1 + p
2
µ2 . This deviation is, however,
acceptable. For instance for γ = 1.5 or p2 = 1.25µ2 the
true coefficient would be equal to
√
γ ≈ 1.22, whilst for
the factor in (31) we find:√
1 +
p2
µ2
e−2γE ≈ 1.18,
so the ratio
κ =
(
1 + p
2
µ2 e
−2γE
)1/2
(
1 + p
2
µ2
)1/4 (33)
gives 0.97 in this case. Similarly, for γ = 3 one gets
κ ≈ 1.09 and for γ = 6, κ ≈ 1.43. These results are
6reflected on the exact plots presented in the following
section.
Now let us turn to the asymptotic behavior for large
separations r. Using (24), we obtain:
|Φ(0)P (0, r)| ≈
√
µ
2pi|r|e
γE/2
∣∣∣sin pr
2
∣∣∣
×
(
1 +
1
2
√
pi
2µ|r|e
−µ|r|
)
, (34a)
|Φ(1)P (0, r)| ≈
√
µ
2pi|r|e
γE/2
∣∣∣cos pr
2
∣∣∣
×
(
1− 1
2
√
pi
2µ|r|e
−µ|r|
)
. (34b)
Consequently the full amplitude for |r| ≫ µ−1 may be
written in the form:
|ΦP (0, r)| ≈
√
µ
2pi|r| e
1
2
γE
(
1− pi
2µ|r| e
−µ|r| cos pr
)1/2
.
(35)
As can be easily seen, at least asymptotically, where
highly energetic quantum fluctuations may be ignored
and the second term under the square root in (35) is
negligible, the Lorentz contraction in the form expected
by relativistic kinematics takes place, since one has
|ΦP (0, r)| ≈
√
µ
2pi|r|e
γE/2 ≈ √γ |ΦCM (0, γr)| (36)
(see the discussion in the following section). The de-
viations from the exact Lorentz contraction of the full
function are then exponentially small. It should be again
stressed, that we owe this simple result to the taking into
account all contributing instanton sectors.
At the end of this section let us consider the exact
formulas (29). If we calculate |ΦP (0, r)| according to (22)
and (29), we find:
|ΦP (0, r)| =
√
µ
2pi|r|e
1
2
γE
[
eK0(µ|r|) sin2
pr
2
+ e−K0(µ|r|) cos2
pr
2
]1/2
.
(37)
It is obvious, that without exponential factors (in (37)
and in (21)) one might make use of the Pythagorean
trigonometric identity for the terms in square brackets
and the phenomenon would be exact. One sees then in
a clear way, how contributions from all instanton sectors
complement one another and are all necessary to satisfy
the relativistic transformation property.
The expression (37) may be compared with Lorentz-
contracted ET function from the CM frame. We get
|ΦP (0, r)|√
γ|ΦCM (0, r)| =
[
cos2
pr
2
+ e2K0(µ|r|) sin2
pr
2
]1/2
.
(38)
When K0(µ|r|) approaches zero, the ratio becomes
unity. As we have seen, this happens for large distances.
One may then say that amplitude ‘tails’ respect Lorentz
contraction. Since K0(x) is a monotonically descend-
ing function, we see, that when |r| decreases, the coef-
ficient e2K0(µ|r|) becomes larger and the deviation from
the Lorentz contractions becomes more significant.
There are also particular spatial points for which the
exact contraction occurs. In the laboratory frame, where
the meson moves with momentum p, they are character-
ized by conditions p|r| = 2npi where n = 1, 2, 3, . . .. At
these points the sine function vanishes, and (38) equals
1. The whole contribution to BS amplitude comes here
from instanton sectors ∆N = ±1. The r-dependence of
the ratio of contraction – although in another layout –
has been observed in [15, 16].
IV. NUMERICAL RESULTS AND
CONCLUSIONS
In this section we would like to summarize the ob-
tained results and present plots revealing the exact be-
havior of BS amplitudes. In Figure 2 the plots of the spa-
tial distributions of |Φ(0)P (0, r)|, |Φ(1)P (0, r)| and |ΦP (0, r)|
are presented (as dashed lines) and compared with the
boosted ET functions
√
γ|Φ(0)CM (0, γr)|,
√
γ|Φ(1)CM (0, γr)|
and
√
γ|ΦCM (0, γr)| (solid lines) for relatively small
value of the parameter γ = 1.5. As we know from the
previous section, the ET amplitude for the instanton sec-
tor ∆N = 0 vanishes identically, so the solid line on the
upper plot coincides with r axis.
The oscillating character of the exact amplitudes in the
laboratory frame (where the meson is moving) is clearly
visible. No simple Lorentz contraction is then observed
for contributions from separate topological sectors. On
the other hand the agreement between |ΦP (0, r)| and√
γ|ΦCM (0, γr)| is very good.
The dotted curve on the lower plot represents the un-
contracted function, as if Galilean and not Einsteinian
kinematics were legitimate. This is in fact the graph of
figure 1, redrawn here for comparison. The fact that
this curve agrees with the other two, results from the
very special asymptotic behavior of the amplitude, which
in SM decreases as |r|−1/2. Consequently the two γ-
dependent factors cancel each other in the expression√
γ|ΦCM (0, γr)|. It is obvious that with the dashed line
representing the true behavior one would obtain distribu-
tions of various physical quantities more squeezed than
with dotted one.
In Figure 3 similar results are presented but for mod-
erate value of γ = 3. For faster moving meson the period
of oscillations is smaller, but the general properties of BS
amplitudes are preserved. As we found in formula (31)
the discrepancy between both amplitudes becomes more
significant for smaller values of the relative distance. If
p2 is large then the ones in the numerator and denomi-
nators of the ratio κ between exact function at r = 0 and
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FIG. 2: Spatial distribution of |Φ
(0)
P
| (upper plot), |Φ
(1)
P
| (cen-
tral plot) and |ΦP | (lower plot) in units of µ (dashed lines)
and corresponding boosted ET wave-functions from the CM
frame (solid lines). On the upper plot the solid line is not
visible since it overlaps with the horizontal axis. The dotted
curve represents the uncontracted function. The distance r is
measured in µ−1. The value of γ is 1.5.
the contracted ET CM function may be neglected. We
have then the expression
κ ≈
√
|p|
µ
e−γE ≈ 0.56
√
|p|
µ
, (39)
which increases with rising momentum.
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FIG. 3: Same as Figure 2 but for γ = 3.
The principal properties observed for small and mod-
erate values of γ manifest themselves even more strongly
for γ = 6. The region of deviation from the exact Lorentz
contraction is becoming narrower with increasing meson
velocity (one should note the change of scale in the last
plot of Figure 4).
These results may be compared with the deformation
of pion amplitudes in Gross-Neveu [47] model with in-
creasing pion momentum as shown in Figure 7 of [48].
Summarizing one can say, that Lorentz contraction is
of course not exact but relatively well satisfied in general.
This conclusion stays with agreement with previous re-
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FIG. 4: Same as Figure 2 but for γ = 6. Please, note the
change of scale on the horizontal axis in the last plot.
sults obtained within certain approximations. The true
transformations are reflections of nontrivial dynamical
character of boosts expressed in commutator:
[K,H ] = iP 6= 0. (40)
It would be hard to imagine, that all Fock sectors deform
identically under boosts, so this result was expected.
The deviations from the Lorentz contraction appear
for small distances between quarks, but slowly decay-
ing ‘tails’ always respect the phenomenon. This effect
is understandable, since at small distances greater role
is played by higher sectors, connected with short-lived
quantum fluctuations, especially because the Schwinger
boson is a massive particle.
This analysis seems to be of certain importance, since
it is based on the exact BS amplitudes and their behavior
may be explicitly demonstrated. The underlying dynam-
ics of quantum fields stays in agreement with relativistic
kinematics. The knowledge of the behavior of the am-
plitudes deformations under boosts is essential, because
these functions are generally only known in the CM sys-
tems, while in collisions we are dealing with highly accel-
erated particles or nuclei.
The observation that Lorentz contraction requires the
inclusion of all contributing instanton sectors seems
to support the Nakanishi’s suggestion, that topological
vacua are not Lorentz invariant. This point deserves
a detailed explanation in the future, since it may seem
counterintuitive.
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